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Abstract

Gravitational accretion in the rings of Saturn is studied with lagabody simulations, taking into account the dissipative impacts and
gravitational forces between particles. Common estimates of accretion assume that gravitational sticking takes place beyond a certain distan
(Roche distance) where the self-gravity between a pair of ring particles exceeds the disrupting tidal force of the central object, the exact valus
of this distance depending on the ring particles’ internal density. However, the actual physical situation in the rings is more complicated,
the growth and stability of the particle groups teaffected also by the elasticignd friction in particle impcts, both directly via sticking
probabilities and indirectly via velocity dispersion, as well as by the shape, rotational state and the internal packing density of the forming
particle groups. These factors are most conveniently taken into accouNtiviay simulations. In our standard simulation case of identical
1 m particles with internal density of solid ice,= 900 kg nT3, following the Bridges et al., 1984 elasticity law, we find accretion beyond
a = 137,000-146000 km, the smaller value referring to a distance where transient aggregates are first obtained, and the larger value to the
distance where stable aggregates eventually form in every experinséingl&0 orbital periods. Practically the same result is obtained for
a constant coefficient of restitutian = 0.5. In terms ofrp parameter, the sum of particle radii normalized by their mutual Hill radius, the
above limit for perfect accretion correspondso< 0.84. Increased dissipatioa{= 0.1), or inclusion of friction (tangential force 10% of
normal force) shifts the accretion region inward by about 5000 km. Accretion is also more efficient in the case of size distribution: with a
g = 3 power law extending over a mass range of 1000, accretion shifts inward by alm@80 kn. The aggregates forming in simulations
via gradual accumulation of particles are synchronously rotating.
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1. Introduction to result from micro-meteoroid bombardment to moonlets
that have dust on their surface. Lateoulet et al. (2000)
Although the main bulk of Saturn ring’s mass is as- andBarbara and Esposito (2008%plained these bursts as
sumed to reside in particles in 1-5 m radius range, there ared result from collisions between the moonlets in the core
some indirect observational evidence of larger aggregates?! the F ring. So, there are plenty of reasons to believe

(Showalter and Nicholson, 1990; Showalter, 1998: French that clumps or smaller moonlets exist in Saturn’s rings even
and Nicholson, 2000)F ring contains arc¢Nicholson et though none have yet been directly detected. Dynamical

al., 1996; Charnoz et al., 2004aihd bodies that are assumed N-.body modelg(Salo, ,1992b' 19953|S°, indicate a gravi-
to be clumps of smaller particlg8osh and Rivkin, 1996; tational growth of particle aggregates in the outer parts of

Roddier et a., 2000; McGhee et ., 2008howalter (1998) 11 fings, provided that the intermal density of particles is
found from Voyager images that the longitudinal bright- not much below that of solid ice. These resuits are also

ness showed short lived brightenings, which he interpreted suppor_ted by 3-body orbital integratiof®@htsuki, 1993;
Morishima and Salo, 2004)

Historically, the boundary kieveen ring and satellite re-
* Corresponding author. Fax: +358-8-553-1934. gion has been discussed in terms of Roche limit. The classi-
E-mail addressraine.karjalainen@oulu.fR. Karjalainen). cal Roche limit refers to an idealized situation of a synchro-
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nously rotating liquid satellitéi.e., a body without material
strength), distorted by tidal and centrifugal forces. In 1847
Roche showed (se€handrasekhar, 19%%hat the critical
minimum value for the orbital radii a inside which no closed
equipotential surface can exist is
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the mutual velocities and different impact directions of the
colliding particles, was obtained l@htsuki (1993)He used

the condition that the Hill-energy of the pair after an impact
(or a sequence of impacts) needs to be negative for the pair to
become bound. He showed, in terms of 3-body integrations,
that the sticking probability depends significantly on the ve-
locity dispersion, and on the etéasty of impacts. Especially,

the probability drops rapidly toward zero fog > 2/3, in

where R, and pp are the mean radius and density of the which case the pair extends partially outside its Hill-surface.

planet, whilep denotes the density of the satellite. However,
if an actual satellite with a non-zero internal strength were
brought toward the planet, it would survive tidal forces even
at much closer distancéaggarwal and Oberbeck, 1974)
Likewise, ring particles are located inside the classical
Roche limit, but accretion can still take place, provided that
the net attraction between a paf particles in contact is to-
ward each other. When two radially aligned solid spherical

In the realistic case of particle ensembles the situation is fur-
ther complicated by the fact théite velocity dispersion itself

is determined by the impacts and gravitational encounters
between particles. Collective gravitational effects may also
be important for accretio(Salo, 1992h)Moreover, the ac-
cretional evolution and the evolution of velocity dispersion
are coupled, as any forming aggregates will heat the system
via gravitational scattering. The interaction between the ag-

particles with the same internal density and equal size rotategregates themselves may also affect their growth.

synchronously, the net attraction is zero at

1/3

a
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When we have a small particle on the surface of a much

larger synchronously rotating particle, there is no net attrac-
Pp

tion at
1/3
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(Weidenschilling et al., 1984; Davis et al., 198#&pr ice,
with internal densityo = 900 kg n 3, the estimate§2) and
(3) correspond to 1200 and 77000 km for Saturn’s rings.
These can be compared to senaigtical criteria derived by
Ohtsuki (1993rnd expressed in terms gf. These limiting
distances are identical to those for attainipg= 1, where

rp is the sum of the particle radii scaled by their mutual
Hill-radius (the semilength of the Hill-surface in the radial
direction)

(@)

rp = (r1+r2)/RHil, (4)
where
13
mi1+m
RHil =a(%) . 5)

r1, r2, m1, andmy denoting the radii and masses of the small
particles rotating about the central object with a mesg$-or
Saturn’s rings we can writgSalo, 1995)

0 a a4 ut/3

—-1/3
=077 ——— .
P <9oo kg m‘3> <1o8 m> 1+ w13

whereu = m1/m2 is the mass ratio of the particles.
However, the condition, = 1 has only limited relevance
for the actual sticking of particles, or to the stability of

(6)

In this study we address the onset of gravitational accre-
tion in the outer parts of Saturn’s rings via numeridvabody
simulations, which at least to some degree allow for all the
above mentioned complications. Our goal is to look how
different factors affect the distance beyond which accretion
becomes possible. Secti@dunlescribes briefly the main ingre-
dients of the computational method. In Sect®we discuss
the detection of aggregates in simulations, and in Seetion
results from an extensive series/@fbody experiments are
reported. Finally, Sectioh summarizes our results.

2. N-body simulation method

We use the local simulation meth@@/isdom and Tre-
maine, 1988; Salo, 1991, 1992a, 1992b, 1985 tudy the
conditions for the onset of accretion. Collisions and gravita-
tional interactions between the ring particles are both taken
into account. All calculations are restricted to a small co-
moving region inside the ring, orbiting with the circular an-
gular velocitys2 at the distance (seeFig. 1). The particles
leaving the calculation region are treated in terms of periodic
boundary conditions which take into account the systematic
shear in the radial direction. Thus each time a particle leaves
the calculation region, one of its image particles enters it,
with appropriately modified tangential velocity. Linearized
equations of motion are employed, for the: 1, ..., N par-
ticles with position vector®; = (x;, y;, z;) and masses;,

mi (¥ — 223, — 392%) = F§ + F™, (7)
m; (5i +2Q%) = F8 + F,"™, (8)
miGi + 2%;) = Ff + FI™, (9)

where thex-axis points to the radial direction, theaxis in

the formed aggregates, as it refers to a particle pair with athe direction of mean orbital motion anehxis completes a

specific mutual orientation, and with zero relative velocity.
A more realistic estimate for sticking, taking into account

right-handed coordinate system. Equati¢fs-(9)are valid
whenx/a <« 1,y/a <« 1,z/a < 1, which conditions are
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Fig. 1. Schematic representation of the accretion simulatibime local cal-
culation cell (thick lines) and its stounding eight nearest replicas are
shown, L denoting the width of the squaréaped calculation region. The
dashed region represents a particle clump with a longest diametexk-
tending partially over the periodic bders of the calculation region. The
solid circle gives an example of the gravity calculation region with radius
Rgrav, around one of the particles in the clump (marked by the asterisk).
Dashed lines indicate how the gravitglculation region is copied to the
original calculation cell Rgray has two restrictions: (1Rgray > D, to as-
sure that each particle of the aggregate feels the gravity from all its other
particles, and (2Rgrav < L — D, in order to prevent the clump from feel-
ing the gravity from its own image, ovéhe periodic borders. Depending on
the number of simulation particle¥, the usedRgrav range between 30-70
particle radii (forN = 500-5000, respectively).

safely fulfilled in rings. The force in the right-hand side in-
cludes the forces affecting the particles during the impacts
F'™Pas well as the mutual gravitational forces

j=1 ij
J#i

Whereﬁij = ]_él' — I_éj andrij = |I_élj|

In our recent simulationsf dense planetary rindSalo et
al., 2001; Schmidt et al., 200%e have calculated the ring
self-gravity by using a particle—particle method for nearby
gravity, combined with a particle—mesh calculation of the in-
fluence of more distant particles. Since the latter contribution
can be evaluated with the help of FFT, this made it feasible to
achieve a large number of particlé$,~ 10*—~1, required
for a realistic study of overstability in self-gravitating dense
rings. In the present study, involving an extended survey of
parameter space, we limit to a fairly small number of parti-
cles,N <5000, and to avoid any possible inaccuracy related
to the grid-based force evaluation, calculate the self-gravity
by direct summation, over all particle pairs within a given
limiting distance Rgrav. As explained inSalo (1995) the
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whereL is the total width of the square-shaped simulation
region andDcjump is the maximum diameter of the aggre-
gate which can form withV particles. The lower limit is
included to make sure that each particle in the aggregate
feels the gravity of the every other particle in the same ag-
gregate, whereas the upper limit prevents the image clumps
(i.e., the copies of the same aggregate in the adjacent im-
age regions) from disturbing the aggregate we are studying.
In practice, the value oD¢ymp depends, beside¥, on the
shape and porosity of the forming aggregate; suitable values
for Rgrav fulfilling the condition(11) were determined via
preliminary simulations. Note, however, that due to limited
Rgrav the present experiments underestimate the long-range
gravitational effects, like the formation of gravitational wake
structures (see Sectidn2.3 or the tidal interaction between
distinct clumps, if several large clumps form in the calcula-
tion region.

The collisions between particles are modeled with the
force methodSalo, 1995)mimicking the actual viscoelastic
and frictional forces between impacting particles. In the case
of self-gravitating particles this method is clearly superior
over the often used method of treating impacts as instan-
taneous velocity changes (see, elfisdom and Tremaine,
1988; Salo, 1987, 1991, 1992a, 1992b; Richardson, 1994
as no extra treatment is needed preventing artificial par-
ticle overlaps. Also, the mere concept of individual impacts
has no meaning if the gravity is strong enough to lead to
particle sticking. Denoting by? and R’ the radius vectors

» of the two colliding particles, the mutual impact force is di-

vided into normal and tangential components

F'™P = Fod + Fiéy, (12)

where¢ = (R — R')/|R — R'|, is the unit vector in the di-
rection joining the particle centers, afdthe unit vector in

the direction of the component of the instantaneous veloc-
ity difference along the tangent plane of impact. The relative
acceleration of particles is determined by

M(R —R') = F'MP, (13)
whereM = mm’/(m + m’') is the effective mass of the pair:
the accelerations of individuadgpticles follow from the con-
servation of linear momentum. The normal force component
is composed of a restoring harmonic force and a viscous
damping forcgDilley, 1993)

{k€+ﬂ§, £>0,

0. £ <0,
where& = (r + ') — |R — R'| is the penetration depth
(8 < r +r’) during impact, andr’ denoting the radii of

Fa(§) = (14)

nearest images are considered in calculations for each parthe impacting particles. The spring constant of the harmonic

ticle pair. The radius of the gravity calculation regi®yav,
has two restrictions,

. [L
Deiump < Rgrav < m|n|:§, L— Dclumpi|, (11)

force, k/M, and the dissipation parametg/M, are tied

to simple physical parameters defining the outcome of the
impact: they are chosen in a manner that yields a desired du-
ration of the impactTqyr, and a pre-determined value for
the normal coefficient of restitutiom,, defined as the ratio
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of post and pre-collisional perpendicular velocity difference.
Especially,

Tdur ~ JT/CUO, (15)

wherewp = v/k/M is the undamped frequency of the har-
monic impact force (seSalo, 1995 for details)! Later in
this section we discuss how to chodgg, in a manner that
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Most of our simulations employ a velocity-dependent
normal coefficient of restitution,

v —0.234
Gn(Un) = ma){(v ) s 025i|,

when vy > v, otherwiseen(vp) is set to unity. According
to Bridges et al. (1984jaboratory measurements this type
of relation withv, 2 0.0077 cm s represents well the be-

n

(19)

C

assures that the results are independent of this simulationhavior of frost covered ice at low temperatures. Also simu-

parameter, while still keeping the total computing time man-
ageable.
In the case surface friction is included, the particle spins

need also to be taken into account, since due to the torq“egential coefficient of restitutio

affecting at the impact point there is a transfer of energy be-

tween translational and rotational degrees of freedom (see,

e.g.,Salo, 1987. The most often used method to describe
friction (e.g.,Salo, 1987; Longaretti, 1989; Hameen-Anttila
and Salo, 1998is in terms of tangential coefficient of resti-
tution e, defined in terms of the change in the tangential
velocity difference, in an analogous manneres How-
ever, here we model friction by assuming that the tangential
component of force betweendlcolliding particles is pro-
portional to the normal force,

Ft

kf Fns (16)

where ks > 0 is the coefficient of friction. This treatment
again has the advantage that it can also be applied in th
case of gravitational sticking of particles, where the defi-
nition of instantaneous velocity change becomes ambigu-
ous. The frictional force acts in the direction opposite to
the instantaneous velocityftirence along the impact plane,

ct = (Ucoll — Ucoll - €)/|Ucoll — Vcoll - €|, With
Teoll = B — (r(@— 2) +7'(@ — 2)) x ¢, (17)
wherei = R — R’ is the velocity difference between the par-
ticle centers and> and @’ denote the spin vectors of the
particles, measured in the inertial frame, ands the angu-

lar velocity vector of the rotating coordinate systebn:- Q

and &' — 2 thus represent the spin vectors in the rotating
frame. The accelerations of the spin vectors due to impact
torque depend on the internal mass distribution of particles:
we treat the particles as homogeneous spheres, with a mo
ment of inertia 25m,»rl.2, in which case

> S 5 - -
mro=m'r'd = —Ekanc X Ct. (18)
Similar model for friction was recently utilized Morishima
and Salo (2004)note, however that their friction parameter
I+ corresponds tgk.

1 Strictly speakingTgyr anden refer to an impact between two particles
in a free space without any additional forces. However, these quantities can
be utilized to determine the values of the parameters i), applicable
also in the case of gravitational sticking of particles.

e

lations with constan¢, = 0.1 and 05 were performed. The
choice of the friction coefficient is more problematic, since
relevant laboratory measurements exist only for the tan-
Considering the change
of tangential and normal velocity components in impacts,
vt = |Ucoll — vnc| @andvn = v - ¢, one obtains
2 (1 — et)vt

T @+ e
Thus, there is no one-to-one correspondence betwesmmd
¢, their relation depending on the direction of the impact.
According toSupulver et al. (1995): ~ 0.9 for glancing

1 cm/sec impacts of ice particles, which indicates a rather
smallks, perhaps of the order of 0.01-0.1.

In the force method the piele orbits through each im-
pact are numerically integted, and a certain minimum
number of steps per impact duration is needed for a sufficient
accuracy. At the same time, the total number of simulation

(20)

steps is determined by orbital timescales. Therefore, using
a very small impact duration would imply excessive CPU
time-consumption. The main advantage of the chosen lin-
ear force model, in comparison to more realistic, physically
motivated models (see, e.g., the Hertzian impact model dis-
cussed irSpahn et al., 1995is that in the linear model the
duration of the impact is independent of impact velocity, and
can be easily scaled to any desired value, by modifyigg
Thus instead of using actual impact durationsofl sec
(Bridges et al., 2001)we typically employ impact dura-
tions which are about a factor of 50 larger. This allows a
significant reduction in the required total number of simula-
tion steps, while the impact duration is still short enough to
prevent the orbital motion or self-gravity during the impact
from causing:,, to deviate significantly from that in the case
of more realistic short impact duration.

The orbital integrations are carried out with RK4 (fourth-
order Runge—Kutta integrator), employing time steps of
the order of 10° orbital periods (to ensure about 50
stepgimpact duration). However, to speed up the calcula-
tions, self gravitational forces are updated less frequently,
typically everyAT ~ 10-3 orbital periods. Since the typical
relative movements between particles during are only a
few percent of particle radii, ouriginal calculations treated
self-gravitational forces fixed during 7. Here we followed
the earlier simulations iBalo (1995)which showed that this
approximation works well even in the case of moderately
strong self-gravity, regarding the details of wake structure or
the initial formation of particle aggregates. However, during
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the course of the present study we noted that this approxi-statistical in nature, a series of 20 simulations is performed
mation is unsuitable for following the long-term evolution for each set of parameters, varying the seed of the random
of aggregates, since in the case of aggregates it introduces aumber generator in the creation of the initial particle po-
secular energy input proportional 107 (seeAppendix A), sitions and velocities. The simulations are performed for
which eventually leads to an artificial rotational instability saturnocentric distances between T®D-150000 km ¢}

of the formed aggregates. A simple remedy is to replace thebetween 1.0-0.8, respectively), the exact range depending

constant gravity durind\ 7 with a linear approximation, on the parameter values, chosen to cover the distances from
L - regions where no accretion is observed to distances where
Fg = Fy(t0) + Fy(t —t0), (1t —1t0) < AT, (21) accretion occurs in every simulation.

where ﬁg is calculated by taking into account the particle
positions and velocities at the tinag Sinceﬁg can be con-
structed at the same time Agitself is calculated, this means

a very small extra CPU time consumption. In the case of an  |n the case of flattened planetary rings the self-gravity
aggregate, the remaining secular energy error is proportionalpetween particles promotes the grouping of particles. This
to AT3, having no practical sigficance in comparison to  gravitational instability is opposed by the particles’ random
other inaccuracies in simulations. velocity dispersion and by the differential rotation, tend-

We also study how the inclusion of particle size distri- jng to dissolve any forming condensations. As long as the
bution affects the onset of gravitational accretion. In these Toomre parametdifoomre, 1964)

experiments a power-law size distribution is used,

3. Detecting accretion in simulations

cr 2
AN Jdr o, 2 233663

whereg = 3 and 05 m < r < 5.0 m. In principle, the grav- wherec, is the radial velocity dispersion ar@ is the grav-
itational sticking of unequal sized particles is easier than itational constant, exceeds at least a few times unity, the
that of equal-size particles (see E(®)—(4)), although this collective gravitational instability is completely avoided, and
tendency is to some degree opposed by the larger velocitythe system remains practically uniform: the effect of grav-
dispersion achieved by the small particles in a system with ity is seen mainly in the enhanced impact frequency, and in
a mixture of sizes. For the maximal mass ratio of simulation the increased velocity dispersion induced by individual bi-
particlesu = 1000, the, parameter is about®9 times that nary encounters. This is the case for low opticql depth rings
for an identical particle pair with = 1, for a fixed distance (¥ is small), or for rings located near the planetis large).

and internal density. Accordinto Voyager | radio occulta- ~ However, if the optical depth and thus increases, or if a
tion measuremen(Marouf et al., 1983)he size distribution  "ng location further away fnm the planet is inspected, so

in Saturn’s rings can be approximated by this type of power- that Q falls below about 2, the collective gravity together
law, though with a considerably smaller lower cut-off size with differential rotation leads to the formation of shearing
~ 1 cm. In this case, the maximal reductionrgfparame- tilted wake structures, individual wakes forming and dis-
ter is slightly larger, being practically identical to that for SOlving in a time scale- orbital period. These wakes are

u — oo, or about 063. Thus, although our size range is analogous to the transient wakes produced by orbiting mass
heavily truncated, it should still miic fairly well the effects ~ €nhancements in a stellar digbulian and Toomre, 1966;

of a realistic, more extended size range. Likewise, the massToomre and Kalnajs, 1991gxcept that due to dissipative
range of 1000 should already be wide enough to yield an al- impacts between particles, the system is able to oppose
most asymptotic value for the ratio of velocity dispersions the gravitational heating induced by the wakes themselves,

between the smallest and largest particles of the size distrib-'€ading to a statistical steady-state with a continuous re-
ution (seeSalo, 1992h generation of new wakes. The average tilt angle of wakes

In our standard simulation modal = 500 identical par- with respect to tangential direction is determined by the
ticles with 1-m radius are simulated, using the Bridges et al. 9radient of the systematic velocity field, corresponding to
velocity-dependent elasticity model, with no frictida = 0. about 20 for the Keplerian case; the typical radial spac-
The optical depth = 0.25 and the internal density of parti- ing between wakes is close to Toomre's critical wavelength
cles is 900 kg m3, yielding a surface density of 300 kgth (Toomre, 1964)

The time stepAT for gravitational calculation is.001 or- 2 2

bital periods, and the spring constant in impact calculations hor = 4T G X /K, (24)
corresponds tag/$2 = 400 (impact duratioffy,r = 1/800 where the epicyclic frequenayequalss2 for the Keplerian
orbital periods). In what follows, we vary in turn each of the case. For Saturn’s A ring the expecteg ~ 50—-100 m.
parameters of this standard model, and observe how the ac- As the strength of gravity relative to the tidal force fur-
cretion tendency is modified: both the parameters related tother increases with an increasgldnetocentric distance, the
the simulation methodAT, wp, N), and the physical para- wakes, besides becoming gradually stronger, also start to
meters &n, ki, d N /dr, t) are studied. Since the accretion is show an increased tendency for degrading into local clumps.

(23)
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r,=0.937

a= 130,000

r,=0.903

a= 135,000

r, = 0.870

a= 140,000

r,=0.858

a= 142,000

r,=0.840

a= 145,000

SRS

Fig. 2. Examples of simulations performed for different saturnocentstadces. Standard simulation values, i.e., identical particles, tetigpendent
coefficient of restitutionz = 0.25, andks = O are used, except that = 5000. The sizd. = 250 m. For comparisor, /A¢r = 5.48 and 395 fora = 130,000
and 145000 km, respectively. The numbers on top of each frame indicate the valiig oblculated withyy =5, my =my = 32.

This tendency follows from the gravitational sticking of in- (1) The first method is based on the criteria that a distinct

dividual particles, as the, parameter for the particle pair particle clump (containing at least tens of particles in
(or a particle and a wake) falls below unity. Similar pair- contact) must survive for a certain minimum number
wise sticking of particles, leading to a formation of particle of orbital periods. If this is the case, the simulation is
clumps, takes place also in low optical depths, without a for- counted among those producing at least temporary ac-
mation of collective wake structures. Typical examples of cretion. Performing several simulations with the same
both wakes and particle accretion are displayedrio 2, distance and parameterlvas, we can then define a
see alsdalo (1995)Daisaka and Ida (1999Daisaka et al. probability of accretion corresponding to this distance,
(2001) andOhtsuki and Emori (2000Gpr more examples of by dividing the number of simulations where aggregates
the wake structure. are detected by the total number of simulations (typi-
Defining accretion with visualetection from simulation cally 20).

snapshots is somewhat subjective. Beyond a certain distance(2) In the second, closely related method, the time inter-
the clumps eventually merge into a one or few aggregates, val in the simulation where an aggregate is present is
containing practically all simulation particles: in this case recorded. The accretion probability is defined as the to-
the detection of accretion is unambiguous. However, slightly tal occurrence time interval of aggregates, in 20 separate
inside this distance there is a transition zone, where itishard  simulations, divided by the total duration of these simu-
to distinguish between a temporary, radially elongated ag- lations.
gregate and a wake, especially if the latter happens to have
an almost radial temporary ertation. Also, the time scale In both methods, the snapshots corresponding to the ini-
for the formation of aggregates can become very long, ex- tial evolution are discarded, to avoid the sensitivity to exact
ceeding the reasonable length of simulations. starting conditions. In the standard case with- 0.25, or
Altogether, we have been experimenting with three differ- with = > 0.25, we discard the first 10 orbital periods, af-
ent methods for defining accretion in simulations, with the ter which time the system has already achieved a statisti-
first two related to a subjective detection of particle clumps: cal steady-state independent of initial values; foe 0.1
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Fig. 3. Comparison of different methods for measg accretion in simulations. The standigparameter values are used (the same &$gn2, except with
N =500). For each distance 20 simulations with different seed were performed, each lasting 50 orbital periods. In each case, the 10 initial dsbéted perio
discarded from the analysis. (a) The fractionamber of simulations leading to accretion. A siation run was counted among those leading to diceréf
at least one distinct particle clump was detected in visual inspection of simulation snapshots, surviving at least two (solid line), or eighh¢jlashédl
periods. (b) The fractional time aggregates wemrspnt in simulations, based on the same visual inspection as used in frame (a). (c) The aveeagie valu
Renyi entropyHq (EQ. (25)), measuring the clumpiness of the fice distribution: smaller values dfiy indicate larger deviations fro uniform distribution).
The parameters:, =my = 10 andgy = 5 are adopted. Althoughlq does not distinguish between a tilted wake, and a more or less spherical aggregate, the
trend is similar to that in frames (a) and (b), showing tHgtprovides an objective way for detecting aggregate formation.

and Q05, we discard 16 orbital periods. The detection of
clumps is based mainly on snapshots of particle positions
stored every two orbital periods, but to assure the identity
of the clump, also other indicators like the impact frequency
and velocity dispersion (stored about 10 tinhebital pe-
riod) are utilized. Since the typical time scale of individual
strong wakes is only of the order of one orbital period, a
clump seen in two consecutive snapshots is almost always a
genuine temporary aggregate, and not a misidentified wake.
Also, requiring the clump to survive, say 8 orbital periods
instead of 2, leads to essentially similar result. The first two
frames inFig. 3 show the results of these two methods, for
our standard simulation case.

(3) The third, more objective way to study accretion is to
use Renyi entropy (see, e.@pahn et al., 1997&ho
used it in their study of clustering of granular assem-
blies). For the calculationfd&Renyi entropy each simula-

tion snapshot is divided inta = m, x m, rectangular
subregions, and the number of particles in each subre-
gionis registered. The normalized Renyi entropy is then
defined as
1
1—gH
wherep is the probability of finding an particle in the
in /th sub-box, and the exponeaqt > 1. Thus, if the
particles are uniformly distributegh ~ 1/m, implying
Hq = 1, whereas if the particles are non-uniformly dis-
tributed, Hy is reducedHg reaching zero if all particles
become concentrated in just one subregion. Although
Hgin itself does not directly distinguish between a wake
and a particle group, it proves out to be a valuable ob-
jective method for detectqnthe increased clumpiness
associated with the degradation of wakes into aggre-
gates: fromFig. 3 (the frame in the right) we can see

log /Ly p"
logm

Hy (25)
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Fig. 4. (Left) The standard simulation seriesFaf. 3is used for checking how the number of subdivisians= m, x my affects the obtainediq values.
Labels indicate the value @i, = m,. The thick line with asterisks indicates the chosen standdugsaused in all subsequenofs. (Right) The dependence
of Hy ongy, for my =my = 10. Thick line again shows the adopted vajye= 5.

that Renyi entropy gives versimilar results compared ticle auto-correlation function would certainly provide more
to methods based on visual detection of the aggregatesaccurate means for the detectioaharacterization of par-
Like in the two other frames, the first 10 orbital pe- ticle aggregates, being however much more time consuming
riods of the initial evolution are discarded, the shown to calculate. To give a visual impression of the meaning of
values corresponding t¢Hg) during the rest of the  Hg values,Fig. 5 compares the tierevolution ofHy in the
run. various simulation runs whose snapshots were depicted in
Fig. 2
For a given particle distribution the numerical value of
Hq depends on the number of sub-regiansind the expo-
nentgy. For example, this concerns the background level 4 Regults
for smalla, corresponding to the statistical graininess of the
system in the presences of wakes, and the magnitude of the . .
change inHq which takes place when wakes transform to 4.1. Scaling withrp
clumps with increasing distance. However, the qualitative
trend of Hq with distance, in runs performed with a fixed ~ As discussed iDhtsuki (1993)n terms of 3-body inte-
number of particles, is not sensitive to the exact choice of grations, the probability for pairwise gravitational sticking in
these parameters (sEg. 4). For our standard/ = 500 par- impacts is determined solely in terms of (1) the strength of
ticle case we choosgy = 5, andm = 100, corresponding  gravity via therp parameter, (2) the elasticity of impacts, and
to the average number of 5 particlesibregion. In general,  (3) the rms-impact velocitycaled to the mutual escape ve-
runs with different elastic properties (using the sakjecan locity. In low optical depth rings, the velocity dispersion, and
be directly compared with the sameandgy. The situation thus also the rms-impact velocity, depends on the combined
is more complicated when sgshs with different number  effects of mutual physical impacts and gravitational encoun-
of particles are compared. In this caseis again chosen ters, via the energy balance involving the collisional dissipa-
to yield the same average number of 5 particéesregion.  tion and the viscous gain of energy arising both due to im-
The value for the exponemty, however, is adjusted sepa- pacts and gravitational forces (see, eSjgwart et al., 1984;
rately for each case, in a manner that yields the séfe  Schmidt et al., 1999 When a constant coefficient of resti-
in a correspondingon-self-gravitatingun. This makes the  tution is below its critical valuee = 0.627 for r — O,
levels of Hq between differentv’s comparable in the re-  Goldreich and Tremaine, 1978; Araki, 1991; Ohtsuki, 1999
gion of smalla (except for the differences due to different the collisional viscous transfer of energy from the system-
strengths of wakes), and the distances whigss start to atic velocity field will always maintain a minimum velocity
change abruptly due to formation of clumps are easily de- dispersion of the order afinp = kr$2, wherek is a numer-
tected (note that we do not care about the amplitude of theical factor of the order of unity, its exact value depending
change inHy in the accretion region as this depends;ai. on . The gravitational heating on the other hand tends to
Finally, it must be noted that the Renyi entropy does not maintain a velocity dispersion of the order of escape veloc-
have any special physical significance. For example, the par-ity, vesc= /2Gm /r (seeSalo, 1995, Fig. 15; Ohtsuki, 1999,
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Fig. 12. In terms ofrp parameter, former case corresponds to a multilayer steady-state while
3/2 the latter one relates to a near mono-layer state. Thus at
Vimp/Vesc=k(€n) /v 24rp"". (26) least in principle, separate runs would be needed to study

Thus the ratio of rms-impact velocities to the escape velocity the distance dependence of accretion for diffegesit Nev-

will depend only one, andrp. In larger optical depths, the ertheless, for meter sized particles the steady-state behavior
rms-impact velocities are affected also by the velocity dis- implied by the Bridges et al. elasticity law is very close to
turbances connected to gravitmal wakes, which accord-  that foren = constant~ 0.5, so that the expected effect is
ing to Eq.(23) imply a velocity dispersion of the order of small. This is verified irFig. 6, comparing the accretion ver-
vgrav ~ ¢ = 3.36QG £ /£2 (mainly due to systematic mo-  SUSp in two sets of runs, performed with = 450 kg n3

tions between wakes; the local velocity dispersion inside the and 900 kg mi>. In the former case, the particle radius and
wakes may even remain close to escape velocity, see Secsize of the calculation region have both been increased by

tion 4). For identical particle = mt/(rrr?), so that a factor of two, to keep the optical depth and surface den-
_32 sity unaltered (for identical particles = Nzr?/L? and
Vgrav/ Vesc™ 2.6Qrp ™"t (27) ¥ =4/3rpr). Because of the increased particle radius, the

This introduces a possible optical depth dependence to stick-velocity dispersion due to impacts, scaledsy, is slightly

ing probabilities, but most importantly, no explicit depen- reduced, leading to a somewhat easier gravitational sticking.
dence on the internal density or distance, besides that via theowever, the radial shift between the curves is not very sig-
rp parameterx —7z-. The same conclusion holds also in the - Nificant, of the order of only one percentip. For compari-
case of size distribution. Thus, in the case of constarthe son, the figure also shows corresponding curvesyer 0.5,
results of simulations performed with some specific internal IN Which case the difference urves follows just from sta-

density and distance can be readily scaled to any other valudistical uncertainties. , _
of p. In conclusion, the distances of accretion obtainecgfer

In the case of velocity-dependeat, the dimensional 900 kg n1°3 can be safely scaled to any other internal density,
scale parameter present in the elasticity law, likein also for a velocity-dependesy according toBridges et al.

Eq. (19), complicates the situation, as the equilibrium ve- (1984)law, according to the formula

locity dispersion maintained by impacts will depend on both . 0 -1/3

r§2 andu.. In this case the@jmp/vesc ratio may depend on dacdp) = dacd(900 kgm )(W) : (28)

the distance via./(r$2), besidesp. Especially in the case

of large v., corresponding to a slowly decreasiag(vn)

relation, the steady-state velocity dispersion will scale pro- 4.2. Independence of simulation parameters

portional tov, (Salo, 1991, 2001; Ohtsuki, 199%yhereas

in the case of smalley. (rapid drop of elasticity with im- Before looking at the effects of various physical parame-
pact velocity), the steady-state is less sensitive .toThe ters, we need to make sure that the results are not sensitive
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Fig. 6. Check of the accuracy of thg scaling with velocity-dependent coefficient of restitution. The curves at left conffigrersusrp parameter for the
standard simulation case with Bridges et al. elasticity law and the internal densi800 kg nT3, and a corresponding series except witk: 450 kg n3.

Note that thep values correspond to different physical distances in these two sinmuktiges, and the difference between curves comes from the additional
distance dependence implied by the dimensional scale parameterBridges et al. (1984)aw. For comparison, the frame at right shows similar series for
en = 0.5, the difference of curves now following solely from statistical uncertainties.

Table 1
Summary of accretion distances |: simulation parameter éheck

marizing the accretion distances based on the method 1 of
Section2.

Accretion begin® (rp) Continuous accretié’n(rp) Comment

4.2.1. Spring constant

wo/$2
3200 137,000 km (0.889) 143,000 km (0.852) Fig. 7a Previous force model simulatiofSalo, 1995; Salo et al.,
1600 135,000 km (0.903) 145,000 km (0.840) 2001) have indicated that the results (e.g., the steady-state
800 135,000 km (0.903) 145,000 km (0.840) velocity dispersion, the strength of gravity wake structures)
400~ 137,000 km (0.889) 146,000 km (0.835) are not sensitive to the adopted spring constant, as long as
200 138,000 km (0.883) 146,000 km (0.835) ) o P pring L 9
100 139,000 km (0.877) 147,000 km (0.829) the impact duration is .small (;ompared to orbltall tmescale
(say less than 0.01 orbital periods). In a non-gravitating case
AT . it is also easy to verify that the results are identical to those
0.0010 137,000 km (0.889) 146,000 km (0.835)  Fig. 7 obtained by using instantaneous velocity changes in impacts.
0.0050 136,000 km (0.896) 145,000 km (0.840) . . .
For longer impact durations, the actually obtained value of
N €n may start to deviate from that corresponding to a realistic
500 137,000 km (0.889) 146,000 km (0.835) Figs. 7c—7d short impact duration, due to the orbital motion during the
1000 137,000 km (0.889) 145,000 km (0.840) impact, and due to the prolonged influence of gravity during
2000 136,000 km (0.896) 143,000 km (0.852) the impact. Also, the maximal impact frequency is limited
5000 135,000 km (0.903) 142,000 km (0.858)

by the finite duration of the impact.
The restrictions for the allowable spring constant might

2 - - — - ) .
Based on_wsual detection of aggregates. nglnmng of a_ccretlon corre pe more severe in the present rather extreme case, focus-
sponds to a distance where an aggregate was first obtained in at least one o

the 20 simulations lasting 50 orbitabpods. Continuous accretion refers to ing on the gravitational sticking of particles. In this case, the
a distance where every simulation lead to an aggregate.

impact duration looses its meaning, a strong enough grav-
b Mass-ratiom1/mp = 1 is used for the calculation of in the parenthe- ity leading to a situation where the particles can remain in
sis. contact after an impact, or a series of impacts, with a slight
residual overlap in radius (this is different from the uncon-
to simulation-method related parameters, the time &t&p  trolled overlaps in the instantaneous impact method). This
for the gravitational calculations, or the spring constant in overlap amounts to (equating the harmonic impact force and
the force model for impacts. Also, the number of particles the mutual gravity of a particle pair in contact),
used in the simulations might have an influence on the ob-
tained accretion. These checks are done by using the stan-—°>__ 3(0)0/9)—%—3,
dard model parameters introduced in Sectrexcept for r+r b
the studied parameter. Also, when varying the number of and is thus completely negligible, concerning for example
simulation particlesV, the size of the simulation area is the volume density of a forming aggregate (note that in the
changed to keep the fixed optical depth= 0.25. Results center of a large aggregate with maegump and diame-
of these tests are shownig. 7, and also inTable 1, sum- ter Dciump, the hydrostatic pressure will be proportional to

(29)
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Fig. 7. Check of the effect of simulation-related parameters on accretion. In (a) different spring constants of force model are compared, hiatiedechbyit
frequency,wq/$2 (in each case a different dissipation parameten Eq.(14) was also applied, to give the same velocity-dependghtin (b) the effect of
the gravity update intervalAT, measured in orbital periods. The imprdvgravity calculation method is used, H@1). In (c) the effect of the number of
simulation particles, shown in terms of Renyi entrdiy, with them, gy scaling explained in the texgy = 5, 6.5, 7.5, and 90 for N = 500, 100Q 2000, and
5000, respectively. (d) Same as (c) with visual exson, using the method 1 described in Secfon

Mf,ump/Dé‘lump, and a similar reasoning that leads to E29) is small: our standaréo/$2 = 400 can be expected to give
indicates a residual overlap proportional ¢DC|ump/r)2. correct distances for accretion with about 1% accuracy.

This effect, however remains small for the number of par-

ticles we have used). Nevertheless, the particles are free to o .

separate if a sufficient velocity impulse is provided by an 4-2.2. Time interval of gravity updates

impacting third particle. The stability of the forming aggre- ~ With the improved gravity calculation method, Hg1),
gate against such external velocity impulses may depend onthe results are not sensitiveAdr” (Fig. 7b). A small outward
the force model parameters, since a smaller spring constanghift of accretion boundary iseen if a very long time step

(longer impact duration) reduces the rate by which the ag- is used (0.005 orbital periogs5 times our standard value),
gregate can dissipate the injected energy. the difference being however less than 0.5%. Moreover, the

For this reason, a wide range of spring constants was results we obtain for the onset of accretion with the standard
checkedFig. 7a), extending fronwg,/$2 = 100 to 3200, the  value AT = 0.001 orbital periods are practically identical
last value corresponding to an impact duration of the order to those we obtained with the previous method, using con-
of just 10 seconds, thus already approaching the physicallystant forces duringA\T. However, with longer time scales
realistic values. Although a small inward shift of the accre- the differences between methods become evident, related
tion boundary is seen wheny/$2 is increased, most likely  to the secular error of the previous method: the aggregates
due to the enhanced maximal dissipation, the overall effect which are completely stable with the new method, continu-
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Table 2 Table 3
Summary of accretion distances II: effect of physical paranféters Steady-state properties of identical particle simulaffons
Accretion beging Continuous accretidh ~ Comment Ctotal Clocal Clocal/vesc QO L/ er  Impacts/orbit
(rp) (rp) [cms1] [ems™
€n €n
0.1 127000 km(0.960 140,000 km(0.870) Fig. 8 0.1 017 009 123 269 173 168
0.5 136000 km(0.896) 144,000 km(0.846) 0.5 0.15 011 157 231 173 70
en(vn) 137,000 km(0.889) 146,000 km(0.835) en(vn) 0.14 Q010 146 227 173 58
Friction k¢
no 137000 km(0.889 146 000 km(0.835 Fig. 8 0.00 014 010 146 227 173 58
0.01 137000 km(0.8890 146 000 km(0.835 0.01 015 010 147 235 173 66
0.05 133000 km(0.916) 140,000 km(0.870) 0.05 015 010 139 235 173 97
0.1 129000 km(0.945 139 000 km(0.877) 0.1 0.16 010 137 255 173 128
0.5 124000 km(0.983) 133 000 km(0.916)
T
Size distl® 122 000 km(0.999 134 000 km(0.909 Fig. 9 0.05 008 008 114 648 866 21
(0,692)d (0,630)d 0.1 0.09 008 116 338 433 53
025 Q14 010 146 227 173 58
T 05 022 012 164 169 087 251
0.05° 143 000 km(0.852) 151, 000 km(0.807) Fig. 10 0.75 030 013 178 157° 075 405
0.1 141,000 km(0.864) 147,000 km(0.829 @ Quantities characterizing the steady-state properties of the simulation
0.25 137000 km(0.889 146 000 km/(0.83 systems of Sectiod.3 at a fixed distance = 130,000 km, just inside the
0.50 136000 km(0.896) 142 000 km(0.858 region where accreiion starts ’
0.75 136000 km(0.896) 142 000 km(0.858) :

& Limiting distances determined asTable 1

b Mass-ratiomq/m2 = 1 is used for the calculation of in the parenthe-
sis.

€ Lower and upper size limits are 0.5 and B, respectively. The power-
index for a power-law size distribution is= 3.

d Mass-ratiomq /my = 1000 is used.

€ These simulations lasted for 1000 orbital periods.

ously leak particles with the older method, due to a rotational
instability (seeAppendix A).

4.2.3. Number of simulation particles

The number of simulation particlegs is crucial for the
CPU time consumption, which scalesN? with the used
method of direct particle—particle gravity. Therefore, it is
desirable to be able to perform the survey with the value
of N as small as possible, without biasing the results too
much. Figures 7c and 7dompare runs with our standard
parameters, except that varies from 500 to 5000: since
the comparison o#q in runs with differentN’s is some-

b The reduction ofQ with 7 in these simulations is due to reduced size of
the simulation system measured in termd.¢f.cr.

mass ratio which can be obtained between an aggregate and
an individual particle whew is increased. This reduces the
aggregate-particle, parameter, promoting the sticking of
new particles. However, this effect does not affect the ini-
tial pairwise sticking of particles, becoming significant only
for aggregates containing nearly all the particles in the sim-
ulation. Altogether, the uncertainty caused on the accretion
distances when using just 500 particles seems tolerable.

4.3. Dependence of acdien on physical quantities

In this section we study the influence of various physi-
cal quantities on the distances where accretion is expected.
The summary of accretion distances for different physical
parameters are shown fable 2 In addition, Table 3lists
the velocity dispersions and impact frequencies in these ex-
periments, for a common distange= 130,000 km, charac-
terizing the steady-state properties in the region just inside

what uncertain, also results from the visual detection methodthe distances where signifidaaccretion begins. Both lo-

are shown. A small inward shift of accretion is visible for
larger N’s, most likely caused by the somewhat stronger
wake structure with largel, wakes acting as seeds for the
aggregate formation. According 8alo (1995)a simulation
region covering at least about4 in the tangential direction,
combined withRgray > 2Acr, is needed to approximate the
full strength of wakes. In the simulations Big. 7, L /\¢r ~
1.7./N/500, varying from 1.7 to 5.4 a¥ increases, leading
to about 20% increase in the resultighparameter. Thus,

although the wakes are present in our 500 particle exper-

cal (cioca)) and total(ciota)) Velocity dispersion are listed: the
former is calculated from the relative velocities of neighbor-
ing particles (using 10 nearest neighbors; Sa¢o, 1995%.
Note that the local dispersion is more relevant for the pair-
wise gravitational sticking than the total dispersion, which
includes also the systematic motions between the wakes.

4.3.1. Coefficient of restitution
In Fig. 8a, a velocity-dependent coefficient of restitution
is compared to two different constant valueseqf Using

iments, their strength is underestimated in comparison to ¢, = 0.5 gives very similar results witln(vn), as was al-
the actual strength the wakes should have. Another, thoughready indicated irFig. 6. However, with the smaller elas-
much less significant effect is due to the increased maximalfticity, e, = 0.1, accretion occurs almost 10% closer to the



340 R. Karjalainen, H. Salo / Icarus 172 (2004) 328-348

EFFECT OF COEFFICIENT OF RESTITUTION EFFECT OF FRICTION

0.3

Oy T T T T T T o T

F I 4l F =a I Lo 3

F 0.5 +—r ! ! ! ! £ 05 | b

0.4F I i ! - 04 0.1 &a—a I (.

0.1 | I [ E | I ]

: | | i F 0.05 +— | P

F | ) | E | | B

Foe(v) —x . F 0.01 o | ]

0.5 | (- 0.5 | ‘ -

F i F 0.0 xx ‘ i E

E I E k|

=~ F I I | = I I [

0.6 I I (- 0.6 I I [

F | (I | E { [ | ]

E I s N i E ] I i

r [ o mi o 1 [ mi ]

E ) E R o E

07F d | Bl I 0.7F i | 81,01 8l

F | RGN *;)im F I TR Sle 1

I ol E101 1D €13 E | ol E101 1D E':s E

F 51 S5 als F S S cigs als 7

08F a, g a - o u.l:—: E 08F a, g Q- o LJJ:ﬁ E

C | | | [ | C | | | Il | ]

C ||1 N Y Al PRI | 1|||| l‘ﬁll | PRI I S S S S R L ||1 P Y Al PRI | 1|||‘ llﬁll | P I SR e |
120 125 130 135 140 145 150 120 125 130 135 140 145 150

SATURNOCENTRIC DISTANCE (103 km) SATURNOCENTRIC DISTANCE (103 km)

Fig. 8. In (a) velocity-dependent coefficient of restitution is comparedfferent constant values of restitution. In (b) different values fordbefficient of
friction k¢ are compared, for the stdard velocity-dependert, model. In both cases accretion is measured \iigh

planet. This enhanced accretion is caused by several factorsweighted according to probdity of impact, proportional to
First of all, for fixedrp and velocity dispersion, the sticking  |vn|). Equation(30)can then be used to define an approxima-
probability increases rapidly whey, is reduced Ohtsuki, tive effective value okesf, which in the absence of friction
1993) In addition, stronger dissipation promotes the for- would yield the same energy dissipati@gmpact as the ac-
mation of gravitational wake structures, providing seeds for tual en, €; values, by

aggregate formation. Ifmable 3the stronger wake structure 2

is evidenced by the highep values (calculated by using (1 —eZ) = (1—€2) + ?(1— ). (31)
total velocity dispersiortiota) for en = 0.1; for the same ) ) .
reason theq levels for smalla’s in Fig. 8a are smaller for Thus for example ikn = 0.5 ande; = 0.4, this would im-
en = 0.1 than fore, = 0.5. Simultaneouslyoca becomes  PIY €eff & 0.1. According to Eq(20), for én = 0.5, the value
smaller for smallekn. Also impact frequency is enhanced, kf = 0.1 corresponds roughly tq = 0.4, provided that typ-

by about a factor of two betweeq = 0.1 and 05, speeding ical vt ~ vn. Indeed, comparison of the curve flar= 0.1 in
up the formation of aggregates. Fig. 8 and the curve foe, = 0.1 in Fig. 8a indicates this

rough estimate to be at least approximately valid.

4.3.2. Friction between the colliding particles

Since friction enhances the collisional dissipation, essen- 4-3-3. Size distribution L
tial for particle sticking, it is not surprising that its inclusion The influence of including the particle size distribution is

leads to accretion at smaller distances, in a similar fashion asVe'Y clear, as can be anticipated based on(EgCompared
reducingen. In Fig. 8, a fairly large range of; is studied to the standard model with identical particles, our size distri-
due to the large inherent uncertainty in its actual value. In the Pution with maximal mass ratio of 1000 leads to an almost
case of weak friction (sal = 0.01) its effect is fairly mar- 10,000 km inward shift in the accretion boundafid. 9),
ginal. However, if for some reason the actual friction is more 1N @greementwith the few examples giverSalo (1995)In

effective, sayks = 0.1, an inward shift of several thousands terms of thery, parameter for identical particles, the shift in
of kilometers can be expected. accretion distance correspondso= 0.83— 0.91. Never-

A crude estimate can be made concerning the relation pe-theless, this shift is not nearly as strong as could be expected
tween the role of reduceg and a non-zero friction. The en-  0ased on the difference in thg parameter calculated for
ergy dissipation in impacts is proportional to (elgameen- the maximal mass ratip. = 1000 and for identical parti-

Anttila and Salo, 1998 cles (they would differ by a factor of 0.7, see Sect@®n
This might indicate that the reducegl value for the small-
A E giss X }(1 —2)(v) + %(1 —d)v?), (30) est/largest particle pair is not the crucial factor, the overall

accretion depending perhaps more on the evolution of in-
where vy and v denote the perpendicular and tangential termediate mass ranges. Another important factor, reducing
components of the impact velocity and the pre-factor of the sticking efficiency of the smallest particles to the sur-
the latter term differs from that of the first term since par- faces of the largest ones is the increased velocity dispersion
ticle spins are taken into account. In the case of random of the small particles. In fact, accordingTable 3 vimp/vesc
impact directions, and ignoring the small spin contribution is smallest for the mutual impacts between the largest parti-
in Eq. (17), we can approximaté?) = (v?) (averages are  cles themselves. Indeed, an pestion of simulation snap-
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Fig. 10.Optical depth Five different optical depths are compareds 0.05, 0.10, 0.25, 0.50, and 075 corresponding to surface densiy= 60, 120, 300, 600,
and 900 kg M2, respectively. Simulations for the optical depths 0.05 and 0.10 weeaaed to 1000 orbital revolutioris account for the expected longer
accretion timescale due to reduced impact frequency. In (a) accretion is measuréfy wittile in (b) visual detection is used. The scaled valuegfpwere
2,3.5,5.0,8.0, and 13, in the order of increasing

shots indicates that the particle aggregates seem to initiatdeading to accretion), suggesting that the accretion tendency
mainly via grouping of big particles, subsequently collect- might also be suppressed due to crowding of particles in

ing smaller ones. wakes, indicating frequent impacts between the seed aggre-
gates.
4.3.4. Optical depth In addition, also smaller optical depths= 0.1 and 005

The optical depth at the outer parts of Saturn’s A ring is Were studied, in which case no wakes are present. The region
about 0.5-0.6, which is highehan in our standard model of accretion is seen to move significantly outward. Never-
with 7 = 0.25. Thus, larger values af= 0.5 andr = 0.75 theless, this could be largely due to the methods we use for
were also studiedig. 10. Increasingr from 0.25 to 0.50 measuring accretion, which aadl sensitive to the timescale
makes the accretion more efficient, probably because thereof accretion, if this becomes comparable to the length of
are stronger wakes present (as indicated by the increased tothe simulation. To reduce this bias, the simulations of low
tal velocity dispersion iTable 4 and the smallefl, values 7 were continued for 1000 orbital periods instead of 50 or-
in the non-accretion region, s€ég. 10a). Interestingly, in- bits. On the other hand, the accretion at lowmight be
creasingr even more, to @5, has a slight opposite effect genuinely more inefficient as in the absence of wakes the
(this is not an artifact o scaling, being also marginally ~ accretion must start and proceed in a pairwise fashion, via
visible in Fig. 1, displaying the fraction of simulations collisions of individual particles and/or the formed smalll-
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Fig. 11.Timescales of accretiotn (a) the accretion frequency, in units of orbital frequency, is compared for different optical depths (see text for details). The
accretion time scale is indicated in the right-haméain units of orbital periods. Dashed linedicates the upper limit for the obtained accretfeequency,

imposed by our sampling of snapshots every 2 orbital periods. In (b) the accretion frequency is measured with respect to impact frequencyoftibigverse
indicates the average number of impacts/particle before accretion has occurred in the simulation.

aggregates. Impacts between such small rubble piles mightrable 4
be on the average more destructive than impacts with the al-Steady-state properties of particle simulations with size distributian-at

ready fairly large clumps forming inside the wakes in the 130000 kn?

larger case, simply because the effective volume filling fac- (r) N crotal [cm s Clocal [cM s71]
tor of the irregular smallv clumps is smaller than that of the  small Q68 395 048 041

larger, nearly spherical aggregates. Due to the same reasointermediate 17 85 035 029

they are also more fragile against spontaneous tidal disrup--2"9¢ 821 19 026 022

tion. Vimp Vesc Impactgorbit

Figure 11studies the time scale of accretion, in terms of smaj_smal @4 005  5¢small particle
the average duration required for an aggregate to form. TheSmall-large ®0 021  11Qlarge particle

frequency of aggregate formation is defined by 5/small particle
Large—large a1 023 15Q/large particle

Py— 1 (32) 2 The simulation system withyjn = 0.5 M, rmax=5 m, ¢ = 3, was di-
ace Tacc ’ vided into 3 logarithmic size bins (small, intermediate and large), for which

o o . . the average velocities were calculated. Average rms-impact velocities be-
Where Tacc IS time from the beg'nn'ng Of the Slmu|atI0n to tween selected size groups are also shown.

the instant when an aggregate is first observed; this is set to
infinity if no aggregate forms at all. Since 20 runs are em-
ployed in taking the average for each distance anthe
obtainedwacc may be smaller than /Imax, where Tmax is

the maximum duration of the single run; in any casgc

is then very uncertain. Th@acc is also limited from above

studied more quantitatively iRrig. 11b. Here the accretion
frequency is shown scaled to impact frequency, calculated
from the average number of impacts per partidVgec, be-
fore the first aggregate has formed,

to % X % since snapshots taken only every two orbital pe- 1
riods are studied. This is not @mous restriction, because wace/wcoll = <N > (33)
acc

very rapid accretion rates would in any case be uncertain,
being affected by the initial velocity dispersion of the sys- This scaling reduces the shift between the curves for dif-
tem, before the system has time to achieve a steady-stateferentz’s, but it still seems that a larger number of impacts
Figure 14, displayingwacc versus distance, shows how the might be required in the low case before accretion, empha-
accretion frequency drops rapidly for smalles. Mainly sizing the role of wakes in speeding up the accretion process
this is due to a reduced impact frequency for smatler  in comparison to just pairwise sticking.
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Fig. 12.Rotation and shape of aggregatés (a) examples of aggregates formed at different distances137,000—200,000 km). The standard simulation

case, except witl; = 0.1 was studied: in each case all 500 particles had accumulated into a single aggregate. The projections of the particle distributions to
the equatorial plane are shown after 100 orbital periods, togetherfiitied 3-axial ellipsoid, corresponding to a homogeneous body with the sampal

axis values of the mass tensor as for the simulatedeggte. Note that in each case the longest principalaiasearly radially aligned, and the shortest axis

¢ (~ spin axis) is close to being perpendicular to the ¢giie plane. Note however that the deviationécdrom perpendicular direction tend to increase for

larger distancesf < 0.7). All aggregates are shown in the same scale: their typicaldaigyare 20-30 m. In (b) the vertical component of the mean spin of

the particles (corresponds to the spin of the aggregaie $01.37,000 km), and the principal axis ratiéga andc/a are shown as a function o parameter.

Error bars denote standard deviation which eateulated from the last 10 orbits. Aggregate @tahce 200,000 km is also in synchronous rotatiohitsu

rotational axis is tilted. Arrows indicate the axiakios for the most elongated stable Roche ellipsoid with = 0.511, ¢/a = 0.483 (seeChandrasekhar,

1969.
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4.4. Rotation and shape of aggregates However, in individual simulations large deviation from this
trend are visibleKig. 12b). Most likely this scatter reflects
A brief study of the rotation and shape of the forming the sensitivity of the shape to the exact formation history: the
aggregates was also made, using simulations where fric-shape of the clumps forming via gradual accretion of single
tion was included, withkf = 0.1 (Fig. 12. The inclusion particles is likely to reflect the tidal environment better than
of friction and particle spins makes it easy to measure the aggregates formed via a coalescence of several clumps, tend-
aggregate rotation, since when an aggregate forms, the relaing to retain a memory of their initial more or less random
tive velocities between its particles are rapidly damped, the shape throughout the simulation.
aggregate behaving almost like a rigid body: thus its rota-  In each of the smalN examples displayed iRig. 12a,
tional state is readily obtained from the mean spin of its only one aggregate survived to the end of the simulation, all
constituting particles. In the case displayedFig. 12 the initial clumps rapidly merging into a single body. However,
aggregate formation starts beyane- 137,000 km. Slightly ~ with larger N several aggregates can form in the simulation
inside this distance, the mean spin of particles has a non-zeraegion (see, e.gFkig. 2), and if these are separated by large
vertical component, amounting tg, /2 ~ 0.6, being about  enough radial distances, they can stay stable throughout the
twice as large as in the case of non-gravitating particles, in simulation (note however that our limiting distankgray for
agreement with the single experimenSalo (1995)The ro- gravitational calculations makes this somewhat easier than in
tational state of the eventually formed aggregates is found toreality). In a few simulations also aggregates with a strong
be almost exactly synchronous. Depending on the initial for- temporary retrograde rotation were observed: inspection of
mation history, however, some decaying oscillations around the initial evolution showed that these aggregates formed via
the exact radial alignment may be present even in the end ofa coalescence of two almost equal sized initial clumps, hav-
the simulations (100 orbital periods). ing a favorable impact angular momentum. However, during
As can be expected, the shape of the aggregates has e course of the simulation also these initially retrograde
general tendency of becoming more spherical for larger dis- clumps gradually evolved toward synchronous rotation.
tances when the tidal effectgwinish in comparison to self-
gravity. In addition, near the inner limit where aggregates
are first obtained, their shape is rather close to that of the5. Discussion and summary
Roche-ellipsoids: the arrows Fig. 12indicate the extreme
axial ratios of the last stable Roche ellipsoid as the distance We have performed a simulation survey of the onset of
to the planet is reduced (se&handrasekhar, 1969, p. )89  aggregate formation in Saturn’s rings, via lodabody sim-
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ulations including mutual impacts and gravitational forces significance of surface adhesion of particles. Also, the sim-
between particles. Various methods for detection of accre- ulations a rather crude, having a limited number of particles
tion in simulations were compared, suggesting that the cal- and limited timescale. Thus, although we have indicated the
culation of Renyi entropy provides one possible, easily au- expected effect of the main physical parameters (factors like
tomatized method, giving results which agree with those internal density and friction besides thgand size distribu-
from the much more tedious visual inspection of simula- tion), drawing any firm conclusions on their exact values is
tion snapshots. Various simulation method related parame-difficult.

ters were checked, includinpdse related to the used force Already inside the region of excessive aggregate forma-

method for the calculation of impacts, as well as factors
related to the calculation of self-gravity. In particular, we
showed that a potential pitfall exist in our previous calcu-
lation method of self-gravitySalo, 1995)which works ad-

equately in the case of gravity wakes, but leads to artificial
rotational instability when long term aggregate evolution is
followed. A simple improvement was devised, completely

tion a substantial amount of temporary particle groupings
is predicted by the simulations. Indeed, there are evidence
for an increased maximum size of particles in the A ring
(Showalter and Nicholson, 1990; French and Nicholson,
2000) On the other hand, the A ring azimuthal bright-
ness asymmetry, which seems to be naturally accounted by
the presence of gravity wakéSalo and Karjalainen, 1999;

avoiding this problem while remaining computationally ef-
ficient.

The performed survey indicates that for 1-meter sized
identical particles with solid ice density = 900 kg n3,
and Bridges et al. type velocity-dependent elastigion),
the particle groups start forming at distarace 136,000 km,
when the optical depth is close to the A ring value. Typ-
ically, the transition fronnon-accretion to accretion takes
place over a relatively wigl transition zone: only beyond Salo and Karjalainen (2003)

145000 km, corresponding te, ~ 0.84, are stable groups If we assume that significant accretion occurs continu-
seen in practically all separate experiments. For a constantously inside the main rings what is then the factor that limits
en = 0.5 the behavior is about the same as wWit{vn), the aggregate growth and maintains the bulk of the power
whereas fok, = 0.1 the accretion is moved closer to planet law size distribution? For a fixed internal density of an ag-
by almost 10000 km (perfect accretion takes place for gregate, the strength of its self-gravity scales proportional to
rp < 0.87). Inward shift is also obtained when friction is its radius, in exactly the same fashion as the disrupting tidal
included to the impact model. In the case of power-law and rotational stresses for a nearly synchronously rotating
size distribution the transition to aggregate formation moves body. In fact, there are factors which could even promote a
also significantly inward, about 8000 km in comparison more efficient growth of bigger aggregates: for example the
to identical particles (foy = 3, and 0.5 m< r <5 m). elasticity of impacts is likely to decrease with the larger im-
For different internal densities these distances scale with pact speeds implied by the increased escape velocity of a
(p/900 kgn13)~1/3, In the case of moderately largethe growing moonlet. A possible lifting factor is the reduction
aggregate formation seems to initiate via clumping of wakes, in the effective density of the growing moonlet, but at least
in a very short time scale- 10 orbital periods, whereas for  so far numerical simulations have not given any evidence for
low t the time scale for accretion increases, mainly due to this. Nevertheless, to ascertain this, simulation with several
reduced impact frequency. The final rotational state of the orders of largeV's should be performed. Another regulat-
found aggregates is always very near to synchronous rota-ing factor could be the mutual impacts of aggregates. And if
tion. anything else fails, the moonlet will eventually clear a gap

In Saturn’s rings one can find microscopic dust, macro- preventing, or at least significantly slowing down any subse-
scopic ring particles, wakes, clumps, moonlets and moons.quent growth(Srentevic et al., 2002)

In principle, the outer edge of the Saturn’s main ring at In the present simulations we have focused just on the
a = 136,800 km could be interpreted as the distance beyond onset of aggregate formation. Mainly this is due to the re-
which a ring of discrete particles would eventually accrete striction of the present method: the fixed number of particles
into larger bodies or moonlets. Interestingly, the standard and the applied strictly periodic boundary conditions. Be-

Porco et al., 2001; Salo et al., 2004)so sets constraints
for the maximal strength of accretion: the peak of the asym-
metry amplitude near 13000 km is difficult to explain if

the wakes are already very clumpy in this dista(®alo and
Karjalainen, 1999)since the strong longitude dependence
would then be significantly diluted. Clearly, more studies
of the photometric consequences of possible particle aggre-
gates are required, for example with the methods used in

model with solid ice density, thBridges et al. (1984¢0-
efficient of restitution, combined with the size distribution,

cause of the latter ingredient, the free particles surrounding
the moonlet are always strongly perturbed by its gravity,

leads to the onset of strong accretion at nearly this distance.even when leaving and re-entering the calculation region. In

Clearly this interpreation is not without difficulties, as evi-

order to follow in a realistic manner the subsequent growth

denced by the existence of the F ring outside the A ring, as of the aggregate, the evolution of its volume filling factor,
well by the presence of the satellite Pan in the Encke gap.rotation and shape, a continuous flow of fresh ring particles
Also, there are several factors not addressed in our mod-would be required, the distribution of these particle orbits
els, like the effects of satellite resonances, or the possiblerepresenting the ring regions not yet perturbed by the aggre-
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gate. Also the effects of mutual impacts between aggregatesvhereA F; = F; — F* is the deviation between the true grav-
should be studied. Eventually, the most feasible method tojty force £; and that used in the approximative calculation,
address the accretion and its effects on particle size distribu- -F*. Now the forceF; can be expanded to a Taylor series at
tion is via incorporation of numerical results into analytical the timero (seeAarseth, 1979
or semi-analytical studies, like those hgngaretti (1989) ) 1=
andBarbara and Esposito (200®York on this direction will Fi(t) = Fi(to) + F; (t — to) + = Fi(t — 19)2- -,
be reported in future studies. 2
(t —t9) < AT, (A.3)

with
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5 Gmim; , - > N oo
_ o , Fr=Y ———L(Vij = 3(Rij - Vij)ri;*Rij), (A.5)
Appendix A. Approximativetreatment of self-gravity =1 T
J#

Major part of the CPU consumption in simulations is due
to the calculation of self-gravity. The approximation where ., N Gmim, R .. )
self-gravity is updated less frequently than the impact forces Fi = Z ———— x [Ajj —6(Vj; - Rij)r;;“Vij

is thus essential, speeding up the code even by a factor of j=1 Tij

~ 100, as compared to the case where self-gravity were cal- i#

culated at every RK4 step. Earlier simulatiq@alo, 1995) +[=3(v5 + Rij - Aij)ri;? + 15(Rij - Vip)’r;*| R ],
have indicated that gravity update interval§ ~ 0.005 or- (A.6)

bital periods already yield aufficient accuracy for calcula-

tions dealing with the formation of wake structures. Never- Where Ri; and Vj; denote the relative position and veloc-
theless, the use of constant forces during has potential 1ty of particle j with respect to particlé at the timer,
pitfalls, becoming evident when longterm evolution of parti- 7ij = IRz]I andv;; = |Vi;|. The A;;’s represent the relative
cle aggregates is studied. This results from a secular increas@ccelerations, taking into account both the central field and
of the energy of the particles forming the aggregate, leading self-gravity at timer.

to its eventual rotational instability. The timescale of thisin-  In the case constant forces are used dudrfgy the lead-
stability is inversely proportional td 7', so that a reduction  ing term inAF; = —E(t — tp). Averaged over the interval
of AT is insufficient to remove this problem. However, in AT, the corresponding energy error (in principfej needs
this appendix we show how a very simple modification, with also be expanded as a Taylor series arauady, but this
insignificant CPU overhead, cures the instability, the remain- does not contribute to the leading term in the error)

ing secular energy input terms being proportionahtt®.

In the absence of mutual impact forces, or boundary 1 Gm; m] 9 S s 5
crossings, the linearized equatidi$—(9)possess an energy Ab1= _AT Z 3 X [vif = 3(Vij - Rij)"r; ]
integral, §¢,1 Y
(A.7)
E= Z”“( V2 — §92 2t 192 2) In the caseV;; and R;; are not strongly correlated, this er-
2 ror vanishes S|ncev2) R ((VU Rl,)2 ‘2) Although this
G is not strictly true |n any actual wake S|mulat|0n the error
mim;
-5 Z , (A.1) averaged over all particle pairs is small in comparison to the
=1 dissipative and viscous energy changes, and is thus accom-
J# modated by a slight modification of the steady-state. How-

whereV; = x? 4 y? + z2. Partially inelastic impacts reduce ~ €ver, the situation changes completely when an aggregate
the total energy, but in the steady-state this dissipation is bal-has formed. If the aggregate is treated as a single spheri-
anced by the energy input via the periodic radial boundaries, cal particle, labeled with the indek all the particles in
corresponding to the viscous gain of energy. The approxima-its surface haveV;; - Rij ~ 0. Thus,AE1 is always posi-

tive calculation of gravity amounts to an extra energy change tive. Since the shape of the aggregate is more or less rigid,

with rate its energy dissipation rate is typically very small (or it can
vanish altogether) in comparison toE+1, indicating a sec-
AE = Z V.. AF: (A.2) ular increase in its energy. In practice this energy increase
- 1 &) .

manifests as growing oscillations around its initially radially
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Fig. 13. Comparison of gravity calculation methodsngsboth a constant gravity during the time intervel’ (curves labeled by “const”), and by using a
linear expansion of force during7" (“linear”). The simulations correspond to the standard case f0r140, 000 km, except that friction is includegk = 0.1.
The vertical component of the mean spin, normalized to the orbital frequerstyoivn: in these runs practicallyl aimulation particles collect iata single
aggregate during the first tens of orbital periods:(thg) /$2 thus equals the spin of the aggregate. In the case of using constant forces, resuilis=f@.001
and Q005 are compared, indicating how the aggregate first rapidly approaahesrly synchronous rotation state, however with large, growing osailiatio
finally stabilizing itself in a state of retrograde rotation. For shott@r the timescale for this artificial instdity is prolonged, roughly proportional to/AT .

On the other hand, when using the linear force expansion, the aggregati@sema synchronous rotation: a small secular inaccuracy is seen witlger lon
time step AT = 0.005; see the insert, where the dashed line indicates the time average of for AT = 0.005, calculated from the instantaneous values
shown by points), but this tendency is not visible whefi = 0.0025 (the solid line in the insert).

aligned orientation. When these oscillations reach a large Again, considering a spherical aggregate V\mp R,] ~0,
enough amplitude, the tumbling of the aggregate becomesthe only remaining term is proportlonaImJ V,], reducing
chaotic, and simultaneously particles start to leak from its to 22 (3%ijxij — Zijzij), as the contribution from the aggre-
surface. Curiously enough, an apparently stable state can bgjate gravity and the Coriolis term of the central force field
achieved if the aggregate happens to reach a state of retrovanish. For small oscillations around the radially aligned
grade rotation, withw, ~ —(1—2)£2. In this case the aggre-  equilibrium orientation this term is strictly periodic. The
gate has a droplet-like shape, in contrast to the roughly el- same appears to be true also for the other terms irfA=g)
lipsoidal shape of synchronously rotating aggregates. Someeven if small non- zer(V,J ;j is allowed. ThusA E, does
long-duration simulations inSalo, 1995see its Fig. 17b)  not introduce secular change of energy, the secular error be-
apparently suffered such an artificial behavior, escaping ouring proportional toA 7°3.
attention at the time the paper was written (this does not  Naturally, any Taylor expansion fails for particles experi-
affect any of the conclusions of the paper). Nevertheless, encing an impact during T (corresponds to a discontinuity
this retrograde rotation isnaartifact caused solely by ac-  in their velocities), in which case the linear expansion is not
cumulated numerical errors, and has probably no physicalany better approximation than using constant forces. There-
significance. fore, a further refinement dhe force calculation was also
The treatment of gravity can be easily improved by in- tested: the nearby particle pairs prone to collide during the
cluding the linear term to the force calculations. In this case step were excluded from the calculation of force expansions

the leading energy error term becomes and were treated separately by a 4-order RK4. However,
in practice no difference was seen in comparison to using
N - . . .
1 2 Gmimj -~ - . linear force expansion for allgticles, except considerably
AL = 22T > 3 {Aij - Vij —6(Vij - Rij) increased CPU time consumption.
=1 ij

To illustrate the practical differences with the two degrees
o s s of approximationsFig. 13compares the fate of aggregates
X1 v+ [—3(v,»j + Rjj -Aij)r,»j (in terms of their spin) in simulations with different time-

- .o stepsA T, both with the previous method and with the linear
+15(Vi; - U) ij ](Vli Rij} (A-8) approximation. The main purpose is, besides indicating the

]._ .
JF#
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reliability of the improved approximation, to warn the po-

tential users of the weaknesses of the previous gravity calcu-

lation method.
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